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A NOTE ON SYMPLECTIC AND POISSON 
LINEARIZATION OF SEMISIMPLE LIE ALGEBRA 

ACTIONS 

EVA MIRANDA 


Abstract. In this note we prove that an analytic symplectic action of a 
semisimple Lie algebra can be locally linearized in Darboux coordinates. 
This result yields simultaneous analytic linearization for Hamiltonian 
vector fields in a neighbourhood of a common zero. We also provide an 
example of smooth non-linearizable Hamiltonian action with semisim¬ 
ple linear part. The smooth analogue only holds if the semisimple Lie 
algebra is of compact type. An analytic equivariant 6-Darboux theorem 
for fe-Poisson manifolds and an analytic equivariant Weinstein splitting 
theorem for general Poisson manifolds are also obtained in the Poisson 
setting. 


1. Introduction 

A classical result due to Bochner [1] establishes that a compact Lie group 
action on a smooth manifold is locally equivalent, in the neighbourhood of 
a fixed point, to the linear action. This result holds in the C k category. It is 
interesting to comprehend to which extent we can expect a similar behaviour 
for nou-compact groups. 

As observed in [9] if the Lie group is connected the linearization problem 
can be formulated in the following terms: find a linear system of coordinates 
for the vector fields corresponding to the one parameter subgroups of G 
or, more generally, consider the representation of a Lie algebra and find 
coordinates on the manifold that simultaneously linearize the vector fields 
in the image of the representation that vanish at a point. This is the point 
of view that we adopt in this note when we refer to linearization. 

In the formal and analytic case, the existence of coordinates that linearize 
the action is related to a cohomological equation that can be solved when 
the Lie group under consideration is semisimple m, 0- Guillemin and 
Sternberg considered the problem also in the C°° setting. At the end of 
[9] the celebrated example of non-linearizable action of sl(2, R) on R 3 is 
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constructed. The example is based on a perturbation using the radial vector 
field with flat coefficients. This example has been an outstanding one in 
the literature since it yields the construction of many other examples with 
deep geometrical meaning (for instance an example of non-stable Poisson 
structure proposed by Weinstein in [24]). When the semisimple Lie algebras 
are of compact type, linearization of the action can be obtained simply by 
combining local integration to the action of a compact Lie group G and 
Bochner’s theorem to linearize the action of the group. This, in its turn, 
leads to the linearization of the Lie algebra action [7]. 

Another area in which linearization becomes a useful technique is the 
one of Hamiltonian systems. When the Hamiltonian system is given by a 
symplectic action of a compact Lie group fixing a point, it is known thanks 
to the equivariant version of Darboux theorem m, 0) that the action of 
the group can be linearized in a neighbourhood of the fixed point in Darboux 
coordinates. It is noteworthy to understand to which extent this situation 
can be achieved in more general contexts than the compact one. If the 
Hamiltonian system is given by a complete integrable system then there is 
an abelian symplectic action associated to this integrable system. When the 
integrable systems in local coordinates has an associated “linear part” given 
by a Cartan subalgebra, we are led to non-degenerate singularities [5]. 

Complete integrable systems in a neighbourhood of a non-degenerate sin¬ 
gular point are equivalent to their linear models, as proved in EMEU] and 
ns], and thus the Hamiltonian system is equivalent to the linear one. This 
result establishes normal forms for integrable systems in the neighbourhood 
of a singular non-degenerate point and, in particular, provides a result of 
simultaneous linearization of Hamiltonian vector fields in a neighbourhood 
of a common zero. The next problem to be considered in this list is the 
case of Hamiltonian systems which have linear part of semisimple type as 
proposed by Eliasson in [6]. In the formal/analytic setting, according to the 
result of Guillemin and Sternberg [9] and Kushnirenko p(2], those systems 
are equivalent to the linear one if the symplectic form is not taken into ac¬ 
count. In this note we prove that not only the Hamiltonian vector fields can 
be linearized but also that they can be linearized in Darboux coordinates. 

Following the spirit of Guillemin and Sternberg, we prove that if a sym¬ 
plectic Lie algebra action of semisimple type fixes a point there exist analytic 
Darboux coordinates in which the analytic vector fields generating the Lie 
algebra action are linear. The result also holds for complex analytic Lie 
algebra actions on complex analytic manifolds. The proof relies on a com¬ 
bination of Moser’s path method and the complexification together with 
Weyl Unitarian trick. We also construct an example of Hamiltonian system 
with linear part of semisimple type and which is not C°°-linearizable. These 
results are exported to the context of Poisson manifolds, starting with the 
case of 6-Poisson manifolds for which Moser’s path method works well. We 
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end up this note proving a linearization theorem for the Lie algebra action 
in Weinstein’s splitting coordinates for a Poisson structure. 

In this note we study local rigidity problems for semisimple Lie algebra 
actions. In m we studied the global rigidity problem for compact group ac¬ 
tions on compact symplectic manifolds proving that two close smooth actions 
on a compact symplectic manifold (M, oj) are conjugate by a diffeomorphism 
preserving the symplectic form. In [18] the contact and Poisson case were 
considered. The analogous question in the analytic context for semisimple 
Lie groups which are not of compact type does not apply in the symplectic 
context since in view of Bd there cannot exist actions of semisimple Lie 
groups of non-compact type on a compact symplectic manifold. 

Organization of this note: In Section 2 we prove that given a real 
analytic symplectic action of a semisimple Lie algebra, this action can be 
linearized in real analytic Darboux coordinates in a neighbourhood of a fixed 
point. This result also holds for analytic complex manifolds and complex 
analytic actions of semisimple Lie algebras. In section 3 we provide a coun¬ 
terexample that shows that a linearization result does not hold in general 
for any smooth semisimple Lie algebra action. In section 4 we consider the 
Poisson analogues of Section 2 with a special focus on the case of 6-Poisson 
manifolds. 

Acknowledgements: I am deeply thankful to Hakan Eliasson for propos¬ 
ing me this problem and encouraging me to write down this note. Many 
thanks also to Ghani Zheghib for many useful comments and for drawing 
my attention to [J]. Thanks to David Martfnez-Torres for his comments and 
corrections on a first version of this note. Many thanks to Marco Castrillon 
for very useful discussions concerning Section 3. 


2. Symplectic Linearization for analytic semisimple Lie 

ALGEBRA ACTIONS 

Let g be a semisimple Lie algebra and let p : g —> L ana i ytic stand for a 
representation of g in the algebra of real (or complex) analytic vector fields 
on a real (or complex) analytic manifold M. 

We say that p E M is a fixed point for p if the vector fields in p(g) vanish 
at p. We say that p can be linearized in a neighborhood of a fixed point 
if there exist local coordinates in a neighbourhood of p such that the vector 
fields in the image of p can be simultaneously linearized (i.e, p is equivalent 
to a linear representation). 

Guillemin and Sternberg |9] and Kushnirenko | 12] proved the following. 


1 Thanks to Ghani Zeghib for pointing this out. 
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Theorem 2.1 (Guillemin-Sternberg, Kushnirenko). The representation p : 
0 —> L ana iyti C with 0 semisimple is locally equivalent, via an analytic dif- 
feomorphism, to a linear representation of g in a neighbourhood of a fixed 
point for p. 

When the representation is done by Hamiltonian vector fields (locally 
symplectic), the analytic diffeomorphism that gives the equivalence of the 
initial representation to the linear representation can be chosen to take the 
initial symplectic form to the Darboux one. Namely, 

Theorem 2.2. Let g be a semisimple Lie algebra and let be a (real 

or complex) analytic symplectic manifold. Let p : 0 — L ana i y u c be a repre¬ 
sentation by analytic symplectic vector fields. Then there exist local analytic 
coordinates (x\,y\,... ,x n ,y n ) in a neighbourhood of a fixed point p for p 
such that p is a linear representation and u can be written as, 

n 

u = ^2 dxi A dyi. 
i= 1 

Proof. Let p E M be a fixed point for p. By virtue of Darboux theorem 
we may assume that w is wq = Y17= l A dyi for analytic coordinates 
(xi, yi,..., x n , y n ) centered at p. Consider the linearized action pd). Ob¬ 
serve that if p preserves ojq so does p^\ By virtue of theorem 12.II in the new 
local coordinates, we may assume that the action p is linear but, in princi¬ 
ple, the symplectic form in the new coordinates is not of Darboux type. The 
new symplectic form is uq = 4>*(coo) (with cf the diffeomorphism provided 
by Theorem 12.11) . 

It remains to show that we can take the analytic symplectic form uq to ujq 
in such a way the representation p is preserved. For that purpose we apply 
the path method [19] for analytic symplectic structures. 

Since uq belongs to the same cohomology class as wo we can write uj\ = 
UQ+da for an analytic 1-form a. Let us consider the linear path of analytic 2- 
forms uit = tui + (l — t)u}o, t E [0,1] which is symplectic in a neighbourhood 
of p. Notice that this path is invariant under the action p since both to o and 
uq are invariant by this action. Let Xf be the analytic vector field defined 
by the Moser’s equation, 

(2.1) i Xt uj t = -a 

Let Xf be the complexified holomorphic vector field on C 2n associated to 
the real analytic vector field Xf . We use this vector field to find an an¬ 
alytic diffeomorphism taking wo to uq and preserving the linear character 
of p. Let p c be the extended action of the complex semisimple Lie algebra 
0 ( 8 > C associated to p defined as follows. By choosing a sufficiently small 
disk centered at p the linear analytic vector fields in the image of p^ can 
be analytically extended to a small disk in C 2 ” to get a representation by 
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holomorphic vector fields. We then define the linear action of the complex 
semisimple Lie algebra g ® C via the formula 

P C {V Z Taj) := \/ Z T p(x). 

Let t) be a compact real form for the complex Lie algebra g ® C. The 
compact simply connected Lie group integrating 1) is denoted by H. Even if 
the Lie algebra t) is real we need to use the complexified action p c since it is 
identified as subalgebra of g ® C and has as action the induced action of p c . 

By virtue of Proposition 2.1 and Proposition 2.2 in [9j the analytic Lie 
algebra action induced on f) (which we denote by p^ ) can be integrated to 
a local Lie group analytic action of the compact Lie group H, pu- Consider 
the averaged vector field with respect to a Haar measure on H: 

Xt H = f PH h AXt)dp. 

Jg 

Observe that, by construction, the vector field X^' H is invariant by the 
action of the Lie group H, p c H . Let 4>t be its flow (X^ ,H (</>£ (</)) = ^-(g)). It 
is an analytic diffeomorphism that preserves the action of p c H . Thus it also 
preserves the action p5. 

Since </>£ is analytic and the lie algebras f) and g have the same complexi- 
fication, the family also preserves the action of g <8> C, p c . 

Let Xj^ = ReX^’ H the real part of the vector field X^' H . Consider the real 
vector field Y/ H (x,y ) = X^(x,y, 0,0) (we use here the convention (x,y) + 
i(y, t ) is the complexification of (x, y) with (x, y) = (xi,..., x n , yi,. .., y n ) 
and (z,t) = (zi ,..., z n , t \,..., t n ). By construction this vector is invari¬ 
ant by the action of p. Now consider <pt (</>o = Id) the family of analytic 
diffeomorphisms satisfying the equation: 

(2-2) = ^(9). 

The diffeomorphism ipt '■= <j>t preserves the action p and thus preserves the 
linearity of the representation p. 

In order to check that = wo, following Moser’s trick, it is enough to 

check that the vector field Y t H satisfies the cohomological equation i Y HUJt = 
—f3 where d/3 = u >i — wo- 

So as to do that, consider the complexification of the vector field Xt that 
we denote by X£ which fulfills, 

(2.3) ixf^t = ~ aC 

where X/r, uj% and (x c t are the complexification of X t , uy and a (da = — wo) 

respectively. 
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Since ujq and ui\ are invariant by the linear action p. The complexified 
forms Wg an d wj are invariant under the action p c and the path tof is invariant 
by p c . This path is also invariant by the lifted Lie group action pu- 

Therefore from equation 12.31 for each h € 1 1 we obtain, i PH h t x^t = 
— PHh *{ a °)• Now averaging yields, i x c,HUJ^ = — f H PHh.*(. a<: ) here the new 
1 -form (3 C = — f H PHh*( aC ) still satisfies d/3 c = u;f — uiq due to p^-invariance 
of uj q and wj. For the vector field Y t H defined by equation 12.21 we obtain 
iyHUJt = —(3 and by Moser’s trick the diffeomorphism fa defined in 12.21 
preserves the linearity of the representation and takes uit to wo- This ends 
the proof of the theorem. □ 


3. The smooth case 


3.1. The counterexample of Cairns and Ghys. In this section we recall 
the results of Cairns and Ghys concerning a C°°-action of SL( 2,R) on R 3 
which is not linearizable. All results mentioned in this section are contained 
in section 8 of [2|. 

Consider the basis {X,Y,Z} of sl(2,R) satisfying the relations: 

[X, Y] = -Z, [Z, X} = Y, [Z, Y] = -X 

Now consider the representation on M 3 defined on this basis as: 

p( x ) = vik + z ik 

(3T) p{Y) = x-j^ + z-§- 

p( z ) = 


For this action the orbits are the level sets of the quadratic form x 2 — y 2 — 


z 1 = r 2 — z 2 (where r 2 = x' 2 + y 2 ). 

We consider the deformation of this action as follows: Let R = x-j^ + 
yJj- + stand for the radial vector field and take, 


'dy 


(3.2) 


X = p(X) + fR, 
Y = P (Y)+gR, 
Z = p(Z) 


with / = xA(z, \J(x 2 + y 2 )) and g = —yA(z, yj{x 2 + y 2 )) with A(z, r) = 
a ( r 2_ z 2\ # ... _ 

— -2 - where a : M —>• M is any C°° function which is zero on R and 

bounded. 

Following [2], these new vector fields X, Y, Z generate a Lie algebra iso¬ 
morphic to sl(2,R) and define complete vector fields (since the function a 
is bounded). Therefore the defined action p integrates to an action of a 
Lie group covering SL( 2,R). Since Z is left the same, this action has to 
be an action of SL( 2,R). As it is checked in [2], the orbits of this action 
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are of dimension 3 (since the vector fields generating the action are inde¬ 
pendent) whenever the function a does not vanist@ and coincides with the 
initial (linear) action at C = {( x,y,z),x 2 + y 2 < z 2 }. This justifies that the 
action cannot be linearizable since the orbits of the linear action do no have 
dimension three. 

Remark 3.1. The example of Guillemin and Sternberg [9j goes through the 
following guidelines. It is quite similar to the counterexample of Grant 
and Cairns the difference is that vector field Z is not preserved by the 
perturbation so it cannot be guaranteed that it lifts to SL( 2,R). If we 
perturb the initial action of sl(2,R) to the non-linear action: 

p(X) = p(X) + ^ g(r 2 - z 2 )R, 

p(Y) = p(Y) - ^ g(r 2 - z 2 )R , 

p{Z) = p{Z) + g{r 2 - z 2 )R , 

where R = x-^ +2/^ + z-§^ is the radial vector field, and g G C'°°(M) is such 
that g{x) > 0, if x > 0, and g(x) = 0, if x < 0. The orbits of p coincide 
with the orbits of p inside the cone r 2 = z 2 . Outside this cone, the orbits of 
p(Z) spiral towards the origin while the orbits of p(Z) are circles. Hence, p 
is not linearizable. 


3.2. The Hamiltonian counterexample. In this section we prove the 
following proposition which gives an example of Hamiltonian action with 
linear part of semisimple type and not C°°-linearizable. 

Proposition 3.2. Let a stand for the Lie group action of SL{ 2,M) on R 3 
generated by the vector fields, 

X = p(X) + fR, 

Y = p(Y) + gR, 

Z = p(Z ) 


with f = 

a[Y-z 2 )) 

- 7 1 - 

bounded. 


xA(z, y 7 (x 2 + y 2 )) and g = —yA(z, (x 2 + y 2 )) with A(z,r) = 
where a : R —>• R is any C°° function which is zero on R~ and 


Consider the lifted action a of SL( 2,R) to T*(R 3 ) then this action is 
Hamiltonian and C°° non-linearizable. 


Proof. Given an action p : GxM — > M , the lifted action p to the cotangent 
bundle of M is defined as , p g (/3) = p*_ 1 (/I) with (3 G T*(M). In coordinates 
(q,p) of the cotangent bundle T*M , we may define it as 

( 3 - 3 ) p g (q,p) = ( Pg(q), ( dp g ) q (p )) 

n 

From the construction the set of points where a does not vanish coincides with the 
hyperbolic elements of SL( 2,R). 
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The cotangent bundle T*M is a symplectic manifold endowed with the sym- 
plectic form u> = d9 with 9 the Liouville one-form. The Liouville one-form 
can be defined intrinsically as follows 

(6 p ,v) := (p,dTr p (v)) 
with v € T(T*M),p <E T*M. 

It is well-known that the lifted action p is Hamiltonian. Consider p € 
T*M, x € o and let it be the standard projection from T*M to M and denote 
by £„ the fundamental vector field on M generated by v. The Hamiltonian 
function p : T*M —> g* is: 

(3-4) {p(p),v) = (0 P ,£ V ) = (p,£ v (tt(p))) 

where in the last equality we have used the definition of Liouville one-form. 

From [0 we may define the components of the moment map pi associated 
to the lift of the vector £ Vi as pi = (9,^ Vi ). 

In our case, let us take M = M 3 , G = SL( 2, R) and as action a. Then its 
lifted action <5, is a Hamiltonian action with linear part of type sl(2,M). We 
will prove that the lifted action is not C°°-linearizable. 

There are two important well-known facts concerning the lifted action to 
the cotangent bundle endowed with coordinates ( q,p ): 

• By construction, the lifted action leaves the zero-section of T*(M 3 ) 

invariant and for g / 0, the projection 7r sends the orbit by the action 
a through the point ( q,p ), onto the orbit through the base 

point q for the original action a, O a q . In particular, dim O a ^ q ^ > 
dimO“ g . 

• From the equation 13.31 the action is linear on the fiber over a fixed 
point of a g . So for q = 0 the action on the fibers is the dual to 
the linear action aW. In particular the action restricted to the fiber 
over q = 0 has as orbits the origin (p = 0) which is a 0-dinrensional 
orbit and 2-dimensional orbits (for p / 0). 

Applying the first property to the example a we can conclude that for 
points that project to hyperbolic orbits on the base, dim > dim O a q = 

3 (since from the example of Cairns and Ghys [2] the orbits with a > 0 are 
of dimension 3). 

We denote by the linearization of the lifted action. In view of the re¬ 
marks above, this action coincides with the linear action <54^ when restricted 
to the zero-section p = 0 and to its dual o^ 1 )* when restricted to q = 0. In 
particular, the linear action restricted to the set H = {p = 0} U {q = 0} is 
formed by 2 and 0-dimensional orbits. 

Let us denote by S the set of all 0 and 2-dimensional orbits of the lifted 
linear action. We can compute explicitly this set, by identifying the lifted 
vector fields of the action with the Hamiltonian vector fields with moment 
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map components 9(Xj) with X t the generators of the action on the base. 
Denoting as Liouville one-form 9 = adx + bdy + cdz, the moment map of 
the lifted action given by equations 13.11 is p = (zb + cy , az + xc, —ay + bx). 
The dimension of the orbits can be computed using the rank of dp which is 
generically 3 and is 2 in a union of manifolds described by the vanishing of 
a set of minors (given by linear and quadratic homogeneous polynomials (0. 

Let us now come back to the lifted deformed action a defined by equations 
m The solid cone C = {(x,y,z),x 2 + y 2 < z 2 } on the zero section is 
saturated by parabolic and elliptic orbits of the linear action (as defined 
in equation 13.11) of SL( 2,M). Its “lifted”cone, C, is saturated by the orbits 
of the lifted linear action. Observe that, by construction, both actions a 
and coincide on the lifted solid cone. 

Now assume that there existed a diffeomorphism cf> conjugating the actions 
ci^ 1 ) and d, = a. The set C is formed by 0, 2 and 3-dimensional 

orbits of the lifted linear action. Consider, S the set of 0 and 2-dimensional 
orbits by the lifted linear action. 

In case there existed a diffeomorphism (j> conjugating the actions d^ 1 ) and 
a then 4>(S) = S 0 C (since all the orbits by the action of a outside C are 
3-dimensional). Observe that the origin O-zero-dimensional orbit- goes to 
the origin-zero-dimensional orbit- but the neighbourhoods of O in and S 
and in 4>(S) cannot be diffeomorphic. Thus a cannot be equivalent to the 
linear action aW. □ 

3.3. The case of semisimple Lie algebras of compact type. When 
the Lie algebra action is of compact type, it can be integrated to an action 
of a compact Lie group G (see [7] for a proof of that fact is done using 
algebroids). 

Given a fixed point for the action p, we can associate a linear action of 
the group in a neighbhoui'hood of p and the action of the group both pre¬ 
serving the symplectic structure (which we can assume to be in Darboux 
coordinates). Apply the equivariant Darboux theorem [3] to obtain a dif- 
feomorphims (j> that linearizes the group action G in Darboux coordinates. 
By differentiation we get linearization of the Lie algebra action p. 

4. Linearization for semisimple actions on Poisson manifolds 

In this section we consider representations of Lie algebras by vector fields 
preserving a Poisson structure. We present an equivariant Weinstein theo¬ 
rem for analytic actions of semisimple algebras on analytic Poisson mani¬ 
folds. 

^ Identifying this action with the lifted coadjoint action of 5L(2,R), we can indeed 
describe this set of 2-dimensional orbits in terms of the isotropy groups of the components 
of (q,p). We thank Marco Castrillon for enlightening our computations with this beautiful 
idea. 
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A Poisson structure on a manifold M is a bivector field II £ T(A 2 TM) 
satisfying the equation [11,11] = 0 where the bracket [•,•], called Schouten 
bracket, is an extension of the Lie bracket for vector fields to bivectors. The 
first observation is that there are no dimensional (dimension may be odd) or 
topological constraints on a smooth/analytic manifold to admit a Poisson 
structure. 

4.1. The case of 6-Poisson manifolds. We start dealing with a special 
class of even dimensional Poisson manifolds which have been recently stud¬ 
ied in [ID] called 6-Poisson (or 6-symplectic) manifolds. The study of this 
manifold was originally motivated for the study of calculus on manifolds 
with boundary [113] and deformation quantization on symplectic manifolds 
with boundary 022- 


Definition 4.1. Let (M 2n ,II) be a Poisson manifold such that the map 
peM i-> (n(p)) n € A 2n {TM) 


is transverse to the zero section, then Z = {p £ M\(Ii(jp)) n = 0} is a 
hypersurface and we say that II is a 6-Poisson structure on (M, Z) and 

(M, Z) is a 6-Poisson manifold. 

As it is seen in |10j . the class of 6-Poisson manifolds shares many prop¬ 
erties with the class of symplectic manifolds. The reason for this is that 
a 6-Poisson structure can be studied using the language of forms and the 
path method works also well in this category. More concretely, using the 
language of 6-forms instead of the language of bivectors native to Poisson 
geometry. 

A 6-form of degree & is a section of the bundle A k ( b T*M) where the bundle 
b T*M is defined by duality b T*M = ( b TM)*. The bundle b TM is defined 
a la Serre-Swan as the bundle whose sections are vector fields on M which 
are tangent to the critical hypersurface Z (for more details refer to {TO]). A 
6-symplectic structure is a closed 6-form of degree 2 that is non-degenerate 
(i.e of maximal rank as an element of A 2 { b T*M) for all p £ M). One may 
assign a 6-symplectic structure to a 6-Poisson structure and viceversa US¬ 
As a first application of the path method for 6-symplectic forms we obtain 
a 6-Darboux theorem (for a proof see [10]). 

Proposition 4.2 (b-Darboux Theorem). Let ( M,Z ) be a b-Poisson 
manifold, with Poisson bivector field II and dual two-form wn. Then, on a 
neighborhood of a pointp £ Z, there exist coordinates {x\,y\,... x n _i, y n -i, z, t ) 
centered at p such that 



n— 1 
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We recall from m the following 6-symplectic linearization theorem for 
actions of a compact Lie group G which is proved using the path method 
for fe-forms. 

Theorem 4.3 (equivariant b-Darboux, Guillemin-Miranda-Pires-Scott). 

Let p be a b-symplectic action of a compact Lie group G on a b-symplectic 
manifold (M, Z,co), and let p E Z be a fixed point of the action. Then there 
exist local analytic coordinates (aq, pi, ..., x n -i,y n - 1 , z, t ) centered at p such 
that the action is linear in these coordinates and, 

n —1 j 

ijj = } dxi A dy\, H— dz A dt. 

^ 7. 


This setting was proved for smooth forms but works in the analytic case 
too. We can now apply the same trick as in the symplectic case which we 
saw in detail in section 2 and complexify the action to take the compact real 
part and apply theorem 14.31 This yields, 

Theorem 4.4. Let g be a semisimple Lie algebra and let ( M,uj ) be a (real or 
complex) analytic b-symplectic manifold ( M,Z,co). Let p : g —> L ana i y ti c be 
a representation by analytic vector fields preserving the b-symplectic struc¬ 
ture. Then there exist local coordinates (aq, y ±,..., x n _i, y n -i, z, t) centered 
at a fixed point p e Z for p such that the action is linear in these coordinates 
and 

n —1 ^ 

co = y dxi A dyi H— dz A dt. 

^ J 7. 


4.2. The general Poisson case. We start by recalling the equivariant 
Weinstein theorem for smooth Poisson structures, proved in m for tame 
Poisson structures in [IS] for Hamiltonian actions and recently by Frejlich 
and Marcut [8] in full generality, 


Theorem 4.5 (equivariant splitting theorem, Miranda-Zung, Frejlich 
Marcut). Let (P n ,n) be a smooth Poisson manifold, p a point of P, 2k = 
rank n(p), and G a semisimple compact Lie group which acts on P preserv¬ 
ing n and fixing the point p. Then there is a smooth canonical local coordi¬ 
nate system (xi,y \,..., Xk, Pk, zi, • • •, £ n - 2 fc) near p, in which the Poisson 


structure n can be written as 

k 

(4.i) n = 


i=l 


— A — 

dxi dpi 


+ TM* 


d_ d_ 

* dzj ^ dzn 


with fij( 0) = 0, and in which the action of G is linear and preserves the 
subspaces {x\ = y\ = ... Xk = Pk = 0} and {z\ = ... = z n - 2 k = 0}. 


The difference between the approaches to the proof in [16] and [8] is that 
in the latter the authors introduce a technical important tool in Poisson 
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geometry called Poisson transversals, whereas in [16] the approach was 
done using Vorobjev data m- 

In both technical approaches to the proof, there are horizontal data cor¬ 
responding to the symplectic form on a leaf and transversal data. In [22] 
the transversal data is the Poisson structure induced on a transverse vector 
held. In [Sj the choice of horizontal and vertical spaces is done carefully us¬ 
ing sprays associated to adapted transversals. One of the important achieve¬ 
ments of this last method is that we can apply the path method, changing 
the vertical part with a full control of the smooth/analytic properties. Fol¬ 
lowing the same proof in [5] replacing smooth sprays by analytic sprays, we 
can apply the analytic symplectic linearization theorem 12.21 in the horizontal 
direction and theorem I2J1 in the transversal direction to obtain, 

Theorem 4.6. Let g be a semisimple Lie algebra and let (M, uj) be a (real 
or complex) analytic (P”,II) Poisson manifold and p a point of P with 2k = 
rank II(p). Consider p : g — > L ana i ytic a representation by analytic vector 
fields preserving II and fixing p. Then there exists an analytic canonical 
local coordinate system (xi , y\ ,..., xp, yk, z\,..., z n _ 2 k) near p, in which 
the Poisson structure II can be written as 



(4.2) 


with fij( 0) = 0, and in which the representation p is linear and preserves 
the subspaces {^i = y\ = ... Xk = yk = 0} and {^i = ... = z n - 2 k = 0}. 
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